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Abstract 

The stability number a{G) of the graph G is the size of a maximum stable 
set of G. If Sk denotes the number of stable sets of cardinality k in graph G, 

a,(G) 

then /(G; x) = SkX^ is the independence polynomial of G (I. Gutman and F. 

fe =0 

Harary, 1983). In 1990, Y. O. Hamidoune proved that for any claw-free graph G 
(a graph having no induced subgraph isomorphic to K\^z), l{G;x) is unimodal, 
i.e., there exists some k £ {0,1,a(G)} such that 

So < Si < ... < Sfc > Sfc+i > ... > Sq(g)- 

Y. Alavi, P. J. Malde, A. J. Schwenk and P. Erdos (1987) asked whether for trees 
(or perhaps forests) the independence polynomial is unimodal. J. I. Brown, K. 
Dilcher and R. J. Nowakowski (2000) conjectured that I(G\x) is unimodal for 
any well-covered graph G (a graph whose all maximal independent sets have 
the same size). V. E. Levit and E. Mandrescu (1999) demonstrated that every 
well-covered tree can be obtained as a join of a number of well-covered spiders, 
where a spider is a tree having at most one vertex of degree at least three. 

In this paper we show that the independence polynomial of any well-covered 
spider is unimodal. In addition, we introduce some graph transformations re¬ 
specting independence polynomials. They allow us to reduce several types of 
well-covered trees to claw-free graphs, and, consequently, to prove that their 
independence polynomials are unimodal. 

key words: stable set, independence polynomial, unimodal sequence, well- 
covered tree, claw-free graph. 

* A preliminary version of this paper was presented at Second Haifa Workshop on Interdisciplinary 
Applications, of Graph Theory, Combinatorics and Algorithms June 17-20, 2002. 
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1 Introduction 


Throughout this paper G = {V,E) is a simple (i.e., a finite, undirected, loopless and 
without multiple edges) graph with vertex set V = V{G) and edge set E = E{G). 
If X C 1^, then G[X] is the subgraph of G spanned by X. By G — IT we mean the 
subgraph G\y — IT], if IT C V{G). We also denote by G — F the partial subgraph 
of G obtained by deleting the edges of F, for F C F(G), and we write shortly G — e, 
whenever F = {e}. The neighborhood of a vertex u G T is the set Ng{v) = {ic : lu G V 
and vw G F}, and = Ng{v) U {u}; if there is no ambiguity on G, we use N{v) 

and N[v], respectively. If N(v) induces a complete graph in G, then u is a simplicial 
vertex of G. A simplicial vertex is pendant if its neighborhood contains only one 
vertex, and an edge is pendant if at least one of its endpoints is a pendant vertex. 
Kn, Pn,Gn, Kn^^n 2 ,...,np denote respectively, the complete graph on n > I vertices, 
the chordless path on n > 1 vertices, the chordless cycle on n > 3 vertices, and the 
complete p-partite graph on ni + n 2 + ... + rip vertices. 

The disjoint union of the graphs Gi,G 2 is the graph G = Gi 11 G 2 having as a 
vertex set the disjoint union of T(Gi),T(G 2 ), and as an edge set the disjoint union 
of F(Gi), F(G 2 ). In particular, IlnG denotes the disjoint union of n > I copies of the 
graph G. If Gi,G 2 are disjoint graphs, then their Zykov sum, (Zykov, Q, |^), is 
the graph Gi + G 2 with 

T(Gi+G2) = T(Gi)UT(G2), 

F(Gi+G2) = F(Gi)UF(G2)U{uiU2:?^iGT(Gi),U2GT(G2)}. 

As usual, a tree is an acyclic connected graph. A tree having at most one vertex 
of degree > 3 is called a spider, , or an aster, H] . 

A stable set in G is a set of pairwise non-adjacent vertices. A stable set of maximum 
size will be referred to as a maximum stable set of G, and the stability number of G, 
denoted by cx{G), is the cardinality of a maximum stable set in G. Let Sk be the 
number of stable sets in G of cardinality k,k G {1,..., a(G)}. The polynomial 

«(G) 

I{G;x) = ^ SkX^,so = I, 

is called the independence polynomial of G, (Gutman and Harary, |^). 

A number of general properties of the independence polynomial of a graph are 
presented in Q and |^. As important examples, we mention the following: 

/(GinG2;x) = /(Gi;x)-/(G2;x), 

/(Gi+G2;x) = /(Gi; x) +/(G 2 ; x) — I. 

A finite sequence of non-negative real numbers {oq, oi, 02 ,..., a„} is said to be 
unimodal if there is some k G {0,1, called the mode of the sequence, such that 

0 < Oo < Oi < ... < Ofe > Ok+l > ... > On- 

The mode is unique if Ok-i < Ok > Ok+i- 
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Unimodal sequences occur in many areas of mathematics, including algebra, com¬ 
binatorics, and geometry (see Brenti, ||^, and Stanley, [Q). In the context of our 
paper, for instance, if Oi denotes the number of ways to select a subset of i indepen¬ 
dent edges (a matching of size *) in a graph, then the sequence of these numbers is 
unimodal (Schwenk, |^). As another example, if ai denotes the number of dependent 
i-sets of a graph G (sets of size i that are not stable), then the sequence of is 

unimodal (Horrocks, llo|). 

A polynomial P{x) = aQ + aiX + a 2 X^ + ... + anX^ is called unimodal if the sequence 
of its coefficients is unimodal. For instance, the independence polynomial of Kn is 
unimodal, as I{Kn] a;) = 1 -I- nx. However, the independence polynomial of the graph 
G = ATioo + HSiFe is not unimodal, since I{G\x) = 1 -|- 118a; -I- lOSa;^ -1- 206a;^ 
(for another examples, see Alavi et al 0). Moreover, in Q it is shown that for 
any permutation <j of {1,2,..., a} there exists a graph G, with a(G) = a, such that 
Scr(i) < Sct( 2 ) < < SCT(a), i-G., there are graphs for which si, S 2 ,..., Sa is as ’’shuffled” 

as we like. 

A graph G is called well-covered if all its maximal stable sets have the same 
cardinality, (Plummer, [T^ ). In particular, a tree T is well-covered if and only if 
T = Ki OT it has a perfect matching consisting of pendant edges (Ravindra, fl^ ). 

The roots of the independence polynomial of well-covered graphs are investigated 
by Brown et al in |^. It is shown that for any well-covered graph G there is a 
well-covered graph H with a{G) = a{H) such that G is an induced subgraph of H, 
where all the roots of I{H\x) are simple and real. As it is also mentioned in Q, a 
root of independence polynomial of a graph (not necessarily well-covered) of smallest 
modulus is real, and there are well-covered graphs whose independence polynomials 
have non-real roots. Moreover, it is easy to check that the complete n-partite graph 
G = Ka^a,...,a Is well-covered, a(G) = a, and its independence polynomial, namely 
/(G; x) = n(l -I- x)°‘ — (n— 1), has only one real root, whenever a is odd, and exactly 
two real roots, for any even a. In other words, the theorem of Newton (stating that 
if a polynomial with positive coefficients has only real roots, then its coefficients form 
a unimodal sequence) does not help in proving the following conjecture. 

Conjecture 1.1 ^ The independence polynomial of any well-covered graph is uni¬ 
modal. 



Figure 1: Two well-covered trees. 

The claw-graph (see Figure ||) is a non-well-covered tree and I(Ki^^\x) = 
1 -I- 4x -I- 3a:^ -I- x^ is unimodal, but has non-real roots. The trees Ti, T 2 in Figure 
are well-covered, and their independence polynomials are respectively 

I{Ti-,x) = {l+xf ■ {\ + 2x) ■ {l + &x + 7x^) 
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HT2-,x) 


1 + lOx + 36x2 gQ^3 47^4 j4^5^ 

(1 + 6 x + lOx^ + 5x^)2 — x 2 (l + x)^(l + 2 x) 

1 + 12x + 55x2 ^25x3 + ISlx'^ + 93x® + 23x®, 


which are both unimodal, while only for the first is true that all its roots are real. 
Hence, Newton’s theorem is not useful in verifying the following conjecture, even for 
the particular case of well-covered trees. 

Conjecture 1.2 ^ Independence polynomials of trees are unimodal. 

A graph is called claw-free if it has no induced subgraph isomorphic to ATi 3 . 
There are non-claw-free graphs whose independence polynomials are unimodal, e.g., 
the n-star Ki^n^n > 3. The following result of Hamidoune will be used in the sequel. 

Theorem 1.3 The independence polynomial of a claw-free graph is unimodal. 

As a simple application of this statement, one can easily see that independence 
polynomials of paths and cycles are unimodal. In ||] , Arocha shows that 

, x) — \ (x), and I{Cyi , x) — Fji—\ (x) -t- 2 xA ^_2 (x), 


where Fn{x),n > 0, are Fibonacci polynomials, i.e., the polynomials defined recur¬ 
sively by 

Fo(x) = l,Fi(x) = l,F„(x) = F„_i(x) -|-xT’„_2(x). 

Based on this recurrence, one can deduce that 


F„(x) = ( J + 


n — 1 


X -I- 


n — 2 
2 


x^ -F ... -h 


rn/21 

Ln/2J 


-L»/2J 


(for example, see Riordan, ||^, where this polynomial is discussed as a special kind of 
rook polynomials). It is amusing that the unimodality of the polynomial Fn{x), which 
may be not so trivial to establish directly, follows now immediately from Theorem 1.3, 
since any is claw-free. Let us notice that for n > 5, is not well-covered. 



Figure 2: Two pairs of non-isomorphic graphs Gi, G 2 and G 3 , G 4 satisfying /(Gi; x) = 
/(G 2 ;x) and /(G 3 ;x) = /(G 4 ;x). 


Clearly, any two isomorphic graphs have the same independence polynomial. The 
converse is not generally true. For instance, while /(Gi;x) = I{G 2 ',x) = 1-I-5x-I-5x2, 
the well-covered graphs Gi and G 2 are non-isomorphic (see Figure ||). 

In addition, the graphs G 3 , G 4 in Figures, have identical independence polynomi¬ 
als /(G 3 ; x) = /(G 4 ; x) = 1 -I- 6 x -|- 10x2 -I- 6 x^ -|- x^, while G 3 is a tree, and G 4 is not 
connected and has cycles. 
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However, if I{G-,x) = 1 + nx,n > 1, then G is isomorphic to Kn. Figure || gives 
us a source of some more examples of such uniqueness. Namely, the figure presents 
all the graphs of size four with the stability number equal to three. A simple check 
shows that their independence polynomials are different: 

I{Ki^3-,x) = 1 + Ax-\-ix^ + x^, 

I{Gi\x) = 1 + 4x + + 2a;^, 

I{G2]x) = 1 + Ax-\-Ax^ + x^. 

In other words, if the independence polynomials of two graphs (one from Figure ^and 
an arbitrary one) coincide, then these graphs are exactly the same up to isomorphism. 



Figure 3: a{Ki^ 3 ) = a{Gi) = a{G 2 ) = 3. 


Let us mention that the equality I{Gi;x) = I{G 2 ]x) implies 

2 

|y(Gi)| = Si = \ViG 2 )\ and |£;(Gi)| = - S 2 = |F;(G 2 )| . 

Consequently, if Gi, G 2 are connected, I(Gi\x) = /(G 2 ; x) and one of them is a tree, 
then the other must be a tree, as well. 

In this paper we show that the independence polynomial of any well-covered spider 
is unimodal. In addition, we introduce some graph transformations respecting inde¬ 
pendence polynomials. They allow us to reduce several types of well-covered trees to 
claw-free graphs, and, consequently, to prove that their independence polynomials are 
unimodal. 


2 Preliminary results 

Let us notice that if the product of two polynomials is unimodal, this is not a guaranty 
for the unimodality of at least one of the factors. For instance, we have 

I{Kioo + n3Ar6; x) • I{Kioo + USK^-, x) = (1 -|- llSa: -I- lOSa;^ -I- 206x^)^ 

= 1 + 236a: -k lAlAQx"^ + 25900a;3 -h 60280a;4 -h 44496a;® -k 42436a;®. 

The converse is also true: the product of two unimodal polynomials is not neces¬ 
sarily unimodal. As an example, we see that: 

/(ATioo -f mKr, x) ■ /(ATioo + USATy; a:) = (I -f 121x -k lAlx^ + SdSa;®)^ 

= 1 + 242a; -f 14935a:2 -t 36260x® -k IQAQXbx^ + 100842a;® -k 117649x®. 

However, if one of them is of degree one, we show that their product is still uni¬ 
modal. 
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Lemma 2.1 If Rn is a unimodal polynomial, then Rn ■ Ri is unimodal for any poly¬ 
nomial Ri- 

Proof. Let Rn{x) = oq + aix + 02 ^^ + ... + a„a;" be a unimodal polynomial and 
Ri{x) = &o + bix- Suppose that oq < oi < ... < > Ok+i > > o-n and bg < bi. 

n n +1 

Then, Rn{x) • Ri{x) = agbo + ^ (oi&o + Oi-i^i) • x'^ + Onbi ■ ^ q • a;* and we 

2—1 2=0 

show that Rn ■ Ri is unimodal, with the mode m, where 

Cm = max{cfc,Cfc+i} = max{afc6o + Ok-ibi, Ok-i-ibo -hakbij. (1) 

Firstly, oo&o < ai&o+«o^i because oq^o < max{ai6o) oo^i} and 0 < min{ai6o, oo&i}. 
Secondly, a^-i < Oi < o^+i are true for any i G {l,...,fc — 1 }, and these assure 
that Uibo + Ui-ibi < Oi+ibo + 0^61. Further, a^-i > Oi > a^+i are valid for any 
i G {k -h — 1 }, which imply that Oibo + > Oi+ifoo + Oibi. Finally, 

^nbo — ^ Onb}^, since On—l ^ etn- 

Similarly, we can show that • Ri is unimodal, whenever bo > bi. ■ 

The following proposition constitutes an useful tool in computing independence 
polynomials of graphs and also in finding recursive formulae for independence poly¬ 
nomials of various classes of graphs. 

Proposition 2.2 Q/, ^ Let G = {V, E) be a graph, w G V,uv G E and U C V be 
such that G[U] is a complete subgraph of G. Then the following equalities hold: 

(i) I{G-,x) = I{G - w,x) + X ■ i\g - N[w]-,x); 

(li) I{G-x)=I{G-U-,x) + x- Y. I{G-N[v]-x); 

vGU 

(Hi) I{G; x) = I{G — uv; x) — x"^ ■ I{G — N{u) U N{v)-, x). 

The edge-join of two disjoint graphs Gi, G 2 is the graph G 1 QG 2 obtained by adding 
an edge joining two vertices belonging to Gi, G 2 , respectively. If the two vertices are 
Vi G V{Gi),i = 1,2, then by (Gi;z;i) © {G 2 ]V 2 ) we mean the graph Gi 0 G 2 . 

Lemma 2.3 Let Gi = (Vi,Ei),i = 1,2, be two well-covered graphs and Vi G Vi,i = 
1 ,2, be simplicial vertices in Gi,G 2 , respectively, such that Nci[vi],i = 1,2, contains 
at least another simplicial vertex. Then the following assertions are true: 

(i) G = (Gi;ui) Q{G 2 ',V 2 ) is well-covered and a{G) = a(Gi) -|-a(G 2 ); 

(it) I{G-x)=I{Gi-x)-I{G 2 -,x)-x'^ ■I{Gi-NgAvi]\x)-I{G 2 -Ng,[V 2 ] ; x). 

Proof, (i) Let 81,82 be maximum stable sets in Gi,G 2 , respectively. Since Gi,G 2 
are well-covered, we may assume that Vi ^ 8 i,i = 1,2. Hence, 81 U 82 is stable in 
G and any maximum stable set H of G has |HnFi| < |S'i|,|HnV 2 | < |<S' 2 |, and 
consequently we obtain: 

|,Si| + |,52| = |5 iU 52| < 1^1 = [HnHil + IHnHal < |5i| + 1^21, 

i.e., a(Gi)+a(G 2 ) = a(G). 
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Let i? be a stable set in G and Bi = B r\Vi,i = 1 , 2 . Clearly, at most one of vi,V2 
may belong to B. Since Gi,G 2 are well-covered, there exist 81,82 maximum stable 
sets in Gi,G2, respectively, such that Bi C 81, B2 C 82- 

Case 1. vi & B (similarly, if V 2 £ B), i.e., vi £ Bi. If V 2 ^ 82 , then U 82 is 
a maximum stable set in G such that B C U S'2. Otherwise, let w be the other 
simplicial vertex belonging to Ng 2 [v 2 ]- Then S'3 = 52 U {w} — {^2} is a maximum 
stable set in G2, that includes B2, because B2 Q 82 — {^2}- Hence, 81 U ^3 is a 
maximum stable set in G such that H C 5 i U 53. 

Case 2. vi, V 2 ^ B. If ui, U2 £ 5i U ^2, then as above, 81 U (^2 U {w} — {^2}) is a 
maximum stable set in G that includes B. Otherwise, 5i U ^2 is a maximum stable 
set in G such that H C 5i U ^2. 

Consequently, G = (Gi;ui) 0 {G2',V2) is well-covered. 

(ii) Using Proposition 2.2(iii), we obtain that 


I{G-x) = I{G-viV2-,x)-x^ ■I{G-Ng{vi)UNg{v2)-,x) 

= I{Gi-,x) ■ I{G2;x) - • /(Gi - NgAvi)\x) ■ HG 2 - Ng,{v 2 );x), 


which completes the proof. 


By A„ we denote the graph QnK^ dehned as A„ = K3 Q {n — l)K3,n > 1, (see 
Figure^). Aq denotes the empty graph. 

V 3 Ve Vg V3n 

AAA.A 

Vl V2 V4- V 5 V 7 V 8 V3n-2 VSn-l 

Figure 4: The graph A„ = K3 Q {n — 1 ) 1 ^ 3 . 


Proposition 2.4 The following assertions are true: 

(i) for any n> I, the graphs An, Kg 0 A„ are well-covered; 

(ii) I{An',x) is unimodal for any n > 1, and 

/(A„; x) = (1 -I- 3a:) • /(A„_i; a;) - x^ ■ /(A„_ 2 ; a:), n > 2, 

where /(Ag; x) = 1 , J(Ai; a;) = 1 - 1 - 3a;; 

(Hi) I {Kg 0 A„; x) is unimodal for any n > 1, and 

liKg 0 An-,x) = (1 -I- 2a:) • /(A„;a;) - x^ ■ /(A„_i;a:). 


Proof, (i) We show, by induction on n, that A„ is well-covered. Clearly, Ai = K3 is 
well-covered. For n > 2 we have A„ = {Ai;v 2 ) 0 (A„_i;n 4 ), (see Figure Hence, 
according to Lemma 2.S, A„ is well-covered, because V 2 ,V 3 and V 4 ,Ve are simplicial 
vertices in Ai, A„_i, respectively. 

Therefore, An is well-covered for any n > 1. 
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(ii) If e = V 2 V 4 ^ and n > 2, then according to Proposition |2.2| (iii), we obtain that 

/(A„;x) = I{An - e-x) - ■ I{An - N{v 2 )U N{v 4 );x) 

= I{K3]x) ■ I{An-l]x) - X^ ■ I{An-2-,x) 

= (1 + 3x) •/(A„_i;x) - •/(A„_ 2 ;a;). 


In addition, /(A„;a:) is unimodal by Theorem 1.3, because A„ is claw-free. 

(iii) Let us notice that both K 2 and A„ are well-cove red. The graph K 2 © A„ = 
{K 2 \U 2 ) 0 (A„;r)i) is well-covered according to Lemma and I{K 2 0 A„;ad is 
unimodal for any n > 1, by Theorem O, since K 2 © A„ is claw-free (see Figure g). 


U2 


mui *^3 Afg 

I A A A 



V3n-1 


Vi V 2 V 4 V 5 Vr Vs VSn-2 

Figure 5: The graph K 2 © A„. 

In addition, applying Proposition |2.2|(iii), we infer that 


I{K 2 QAn]x) = I{K 2 Q An - U 2 Vi;x) - x'^ ■ I{K 2 Q An - N{u 2 )li N{vi);x) 

= I(K2]x) ■ I{An]x) - X^ ■ I{An-l\x) 

= {\ + 2x) ■ I{An\x) - X^ ■ I{An-l]x), 

that completes the proof. ■ 

Lemma 2.5 Let Gi = {Vi,Ei),Vi G Vi,i = 1,2, and P 4 = {{a,b,c,d},{ab,bc,cd}). 
Then the following assertions are true: 

(i) I{Li,x) = /(Lg; x), where Li = (P 4 ; b) © (Gi; v), while L 2 
has V{L 2 ) = V{Li), E{L 2 ) = E{Li) U {ac} - {cd}. 

If Gi is elaw-free and v is simplicial in Gi, then I{Li]x) is unimodal. 

(ii) I{G; x) = I{H] x), where G = {Gs\c) © (Gg; V 2 ) and G 3 = (Gi; ui) © (P 4 ; b), 
while H has V{H) = V{G), E{H) = E{G) U {ac} — {cd}. 

If Gi,G 2 are claw-free and vi,V 2 are simplicial in Gi,G 2 , respectively, 
then I{G',x) is unimodal. 

Proof, (i) The graphs Li = {P 4 \b) © (Gi;?;) and L 2 = (Pi H Ks]b) © (Gi;i;) are 

depicted in Figure _ 

Clearly, /(P 4 ; x) = I{Ks II Pi; x) = 1 + 4a:: -|- 3a:^. By Proposition |2.2|(iii), we obtain: 


= /{Li — vb; x) — x^ ■ I (Li — N{v)yj N (&); x) 

= I{Gi-x) • /(P 4 ; x)-x^- liGi - Ng, M ; a;) • I{{d}; x). 
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I{Li;x) 














Figure 6 : The graphs Li = (P 4 ; b) © (Gi; u) and L 2 = {Ki 11 h) 0 (Gi; w). 


On the other hand, we get: 

I{L 2 ]x) = I{L 2 -vb-,x)-x"^ ■ I{L 2 -N{v)UN{b);x) 

= I{Gi]x) ■ I{K 3 UKi;x) - ■ /(Gi - [w] ;a:) • I{{d};x). 


Consequently, the equality I{Li\x) = /(T 2 ; x) holds. If, in addition, v is simplicial 
in Gi, and Gi is claw-free, then L 2 is claw-free, too. Theorem 1.3 implies that /(T 2 ; x) 
is unimodal, and, hence, I{Li]x) is unimodal, as well. 

(ii) Figure ^ shows the graphs G and H. 



Figure 7: The graphs G and H from Lemma 2.5(ii). 


According to Proposition ^.2| (iii), we obtain: 

I{G-,x) = I{G-vib-x)-x^-I{G-N{vi)UN{b);x) 

= I{Gi;x) ■ I{G -Gi;x)-x^- /(Gi - Na, h]; x) ■ /(G 2 ; x) • J({d} ; x). 

On the other hand, using again Proposition |2.2| (iii), we get: 

I{H;x) = I{H — vib;x) — x^ ■ I{H — N{vi) U N{b)]x) 

= I{Gi;x) ■ I{H -Gi-x)-x^- J(Gi - Nq, [ui] ; x) ■ /(G 2 ; cr) • J({d} ; x). 


Finally, let us observe that the equality /(G—Gi; a:) = /(iJ—Gi; x) holds according 
to part (i). 

Now, if Gi, G 2 are claw-free and vi,V 2 are simplicial in Gi, G 2 , respectively, then 
H is claw-free, and by Theorem 1.3, its independence polynomial is unimodal. Con¬ 
sequently, I{G]x) is also unimodal. ■ 


3 Independence polynomials of well-covered spiders 

The well-covered spider Sn,n> 2 has one vertex of degree n -|- 1, n vertices of degree 
2, and n -I- 1 vertices of degree 1 (see Figure ||). 
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Figure 8: Well-covered spiders. 


Theorem 3.1 The independence polynomial of any well-covered spider is unimodal, 
moreover, 


I{Sn, a:) = (1 -I- x) ■ < 1 + 


k=l 


■ 2 '^ + 


n—1 

k-l 


,n> 2 


and its mode is unique and equals 1 -I- (n — 1) mod 3-1-2 ([n/3] — 1). 


Proof. Well-covered spiders comprise Ki,K 2 ,Pi and S^n > 2. Clearly, the inde¬ 
pendence polynomials of Ki, K 2 , Pa are unimodal. 

Using Proposition |2.2|(i), we obtain the following formula for Sn- 


I{Sn]x) = I{Sn - bo\x) X ■ I{Sn - N[bo]-,x) 

= (1 -I- x) • (1 -I- 2a:)” -I- a; • (1 -I- a:)” = (1 -I- a;) • Rn{x), 


where Rn{x) = (1 -I- 2a;)” -I- a: • (1 -I- a;)” ^ 
unimodal, it is sufficient to show that R, 


By Lemma O, to prove that I{Sn',x) is 
a;) is unimodal. It is easy to see that 


Rn[x) 


m 



n—1 

k-l 


l-l-y]A(fc)■a:^ 

fc=i 




1 < k < n, A(0) = 1. 


To start with, we show that i?„ is unimodal with the mode fc = n — 1 — [(n — 2)/3J. 
Taking into account the proof of Lemma 2.1, namely, the equality]^ the mode of the 
polynomial 


I{Sn]x) = {l-^x) ■ R, 


,(a;) = 1 -I- y^Cfe 


fc=i 


is the index m, with Cm = max{cfe, Ck+i} = max{A(A:) -I- A{k — 1), A{k -b 1) -f A{k)}. 
In other words, we will give evidence for 


f k, if A{k — 1) > A{k -b 1), 

A: -b 1, if A(k — 1) < A{k -b 1). 


• Claim 1. If n = 3rn -b 1, then is unimodal with the mode 2m -b 1, 1{Sn', x) is 
also unimodal, and its unique mode equals 2m -b 1. 
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We show that 


A(2m + i + 1) > A{2m + i + 2),0 < i < m — 1, and 

A{ 2 m + 1 — j) > A{2m — j),0 < j < 2m. 


We have successively (for 2m + i + 1 = h): 


A{h)-A{h+1) 






(3m + 1)! • 2^ • [(/i + 1) — 2 • (m — z)] (3m)! ■ [h — {m — z)] 

(h + 1)1 ■ {m — i)l hi ■ {m — i)l 


_ (3m+l)!-(3z + 2)-2'» 
{h + 1)1 • (m — z)! 

Further, we get (for 2m — j = h): 


(3m)! ■ (m + 2z + 1) 
hi ■ (m — i)\ ~ 


A{h+l)-A[h) 




I'Sm + 
h 






3m 

h -1 


(3m + 1)! ■ 2^ • [2 • (m + j + 1) — (/z + 1)] (3m)! • [(m + j + 1) — h] 

{h + 1)1 ■ [m + j + l)l hi-{m + j+ 1)1 


= (, + 1)1 + 1)1 [(=»" + 1) ■ (%- + 1) ■ 2- - (.n - 2j - 1). (fc + 1)] > 0. 

because 3m + l>m>m — 2j — 1 and 2^ > h + 1. 

To find the location of the mode of I{Sn',x), we obtain 

A(2m) — A{2m + 2) = 

^pm+l\ 22 m, G 3m \_G3m+l\ 22 m +2 , G 3m \ 

V 2 m y \2m - 1 J \2m + 2] \2m + 1J 


(3m)! • 22”" 
( 2 m)! • (m — 1 )! 


3m + 1 
m • (m + 1 ) 



1 

2 m + 1 


+ 


(3m)! 

( 2 m — 1 )! ■ (m — 1 )! 


1 

m ■ (m + 1 ) 


1 

2 m ■ ( 2 m + 1 ) 


> 0 . 


Consequently, in accordance with equality (|^), the mode of /(£'„; x) equals 2m + 1. 
Since A{2m) — A{2m + 2) > 0, the mode is unique. 
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• Claim 2 . If n = 3m, then ii„ is unimodal with the mode 2m, I{Sn',x) is also 
unimodal, and its unique mode equals 2m + 1. 

We show that 


A{2m + i) > A(2m + i + 1), 0 < i < m — 1, and 
A{2m — j) > A(2m — j — 1), 0 < j < 2m — 1. 


We have successively (for 2m + i = h): 


A{h)-A{h + l) = 


3m 

h 


3m — 1 
h-1 


3m 
h + 1 




("T')] 


(3m)! • 2^ • [(ft, + 1) — 2 ■ (m — i)] (3m — 1)! • [ft — (m — i)] 

(ft + 1)! • (m — i)! hi ■ {m — i)l 


_ (3m)! ■ {3i + 1) ■ 2^ (3m - 1)! ■ (m + 2i) 

(ft + 1)! • (m — i)! ft!-(m —i)! 

Further, we get (for 2m — j = ft): 


A{h) - A{h - 1) 




3m 
ft - 1 


■2 


h-1 


3m — 1\ 

h-2)_ 


(3m)! • 2^ ^ ■ [2(m + j' + 1) — ft] ^ (3m — 1)! ■ [(m + j + 1) — (ft — 1)] 


ft! • (m + j + 1)! 


(ft — 1)! • (m + j + 1)! 


(3m — 1)! 
ft! • (m + J + 1)! 


3m 


+ 2 h 


2 '* - (m - 2 j - 2) • ft 


> 0 , 


since 3m > m > m — 2j — 2 and 2^ > ft. 

To determine the mode of I{Sn',x), we obtain 


A{2m — 1) — A{2m + 1) = 


3m \ 22m-i , 

V2m - 1 y V2"i - 2 


3m \ _ 22 m+i , pm-A 
\2m + 1/ \ 2m y 


3 

2 


(3m — 1)! 

(2m + 1)! • (m + 1)! 


■ [(m — 1) • (2m + 1) 


m • 22"*] < 0. 


Consequently, in accordance with equality (|^), the mode of I{Sn',x) equals 2m + 1. 
Since A{2m — 1) — A{2m + 1) < 0, the mode is unique. 
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• Claim 3. If n = 3m — 1, then ii„ is unimodal with the mode 2m — 1, 
is also unimodal, and its unique mode equals 2m. 

We show that 


A(2m + 1 — 1) > A(2m + i),0 < i < m — 1, and 

A{2m — j — I) > A{2m — j — 2),0 < j < 2m — 2 . 


We have successively (for 2m + i = h): 
/!(/.-D-AW 2-+ 


3w-l\ 

h ' h -1 


(3m — 1)! ■ 2^ ^ ■ [h - 2 ■ {m - i)] (3m - 2)! • [{h — 1) - {m — i) 


h\ ■ {m — i)\ 


{h — 1)! • (m — i)! 


(3m — 1)! ■ 3i • 2" ^ (3m — 2)! • (m + 2* — 1) 

hi ■ {m — i)l {h — 1)1 ■ {m — i)\ ~ 

Further, we get (for 2m — j — 1 = h): 


A{h)-A{h-1) = 


3m — 1 


2 '“ + 


3m — 2 
h -1 


^ m - l \ 2/^-1 / 3 m -2 

h -1 \ h -2 


(3m — 1)! • 2^* ^ ■ [2 • (3m — h) — h] (3m — 2)! • [(3m — h) — {h — 1)] 
hi ■ (3m — h)l {h — 1)! • (3m — h)l 


(3m-2)! 
hi ■ {m + j + 1)! 


(3m — 1) 


3j + 3 h 


2^ -h-(m-2j - 3) 


> 0 , 


because 3m —l>m>m — 2j — 1 and 2^ > h. 
Finally, we obtain that 


A{ 2 m — 2 ) — A(2m) = 


( ^ r,2m-2 

\ 2 m- 2 ) ' 


/3m - 1\ 

V2m-3y 


/3m-A „ 2 m, /3m-2\ 

V 2 m y [2m-1) 


(3m — 1)! 

(2m — 1)! ■ (m + 1)! 


[m - 2 - 3 • < 0. 


Consequently, in accordance with equality (^), the mode of /(iS'„;x) equals 2m. Since 
A{2m — 1) — A{2m + 1) < 0, the mode is unique. ■ 
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4 Transformations of some well-covered trees 


If both vi and V 2 are vertices of degree at least two in Gi,G 2 , respectively, then 
{Gi;vi) © {G 2 , V 2 ) is an internal edge-join of Gi, G' 2 . Notice that the edge-join of two 
trees is a tree, and also that two trees can be internal edge-joined provided each one 
is of order at least three. An alternative characterization of well-covered trees is the 
following: 


Theorem 4.1 J71|/ A tree T is well-covered if and only if either T is a well-covered 
spider, or T is the internal edge-join of a number of well-covered spiders. 


As examples, Wn,n > 4, and Gm.m'nv > 2,n > 3, (see Figures ^ and are 
internal edge-join of a number of well-covered spiders, and consequently, they are well- 
covered trees. The aim of this section is to show that the independence polynomials 
of Wn and of Gm,n are unimodal. The idea is to construct, for these trees, some 
claw-free graphs having the same independence polynomial, and then to use Theorem 
1.3, We leave open the question whether the procedure we use is helpful to define 


a claw-free graph with the same independence polynomial as a general well-covered 
tree. 


A centipede is a tree denoted by Wn = {A,B,E),n > 1, (see Figure where 
A U B is its vertex set, A = {m,..., a„}, B = {bi, ..., 5„}, Ar\B = %, and the edge set 
E = {oibi : 1 < z < n} U {bibi+i : 1 < z < n — 1}. 


fll fl2 


hi 62 



Figure 9: The centipede Wn- 


The following result was proved in ||l^ , but for the sake of self-consistency of this 
paper and to illustrate the idea of a hidden correspondence between well-covered trees 
and claw-free graphs, we give here its proof. 

Theorem 4.2 For any n >1 the following assertions hold: 

(i) I{W 2 „;x) = (1 -I- x)^Qn{x) = I{An n nKi;x), where Qn{x) = /(A„;a;); 
/( 1 F 2 „+i;x) = (l + cc)”Q„+i(a;) =/((X 2 0A„)nnKi;cc), 
where Qn+i{x) = 1(4^2 © ^nW); 

(a) I{Wn]x) is unimodal and 


I{Wn;x) = {l+x)- {I{Wn-i]x) -f X ■ I{Wn-2\x)),n > 2, 
where I{Wo; x) = 1 , /(IFi; a;) = I -h 2 x. 


Proof, (i) Evidently, the polynomials I{Wn',x), 1 < rz < 3, are unimodal, since 
I{Wi;x) = 1-1- 2x, I{W 2 ]x) = 1 -I- 4x -I- 3a;^, /(W 3 ; x) = l-\-&x -\- lOx^ -\- 5x^. 
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Applying [n/2j times Lemma 2.5(ii), we obtain that for n = 2m > 4, 


I{Wn;x) = /{Am IlmATi;*) = ■ (1 + a:)™, 

while for n = 2m + 1 > 5, 

liWnlx) = I{K 2 0 Am n mKux) = I{K 2 0 Am; • (1 + xr. 

(iii) According to Proposition and Lemma ^a], it follows that I{Wn;x) is 
unimodal. Further, taking U = {an, bn} and applying Proposition |2.2| (ii), we obtain: 

I{Wn;x) = I{Wn-U;x)+x-{I{Wn-N[an];x) + I{Wn-N[bn]-,x)) 

= I{Wn-i;x) + X ■ I(Wn-i;x) + a: • (1 + x) • I{Wn- 2 ;x)) 

= {1 +x) ■ {I{Wn-l]x) + X ■ I{Wn-2;x)), 

which completes the proof. ■ 

It is worth mentioning that the problem of finding the mode of the centipede is 
still unsolved. 

Conjecture 4.3 J7^ / The mode of !{]¥„; x) is k = n — f{n) and f{n) is given by 

f(n) = 1 + [n/5j, 2 < n < 6, 

f{n) = /(2 + (n — 2) mod 5) + 2[(n — 2)/5j, n > 7. 

Proposition 4.4 The following assertions are true: 

(i) I{G 2 ,a',x) is unimodal, moreover I(G 2 ,a', x) =/(SATi 11 7/2 11 ( 7/4 0 Ala); a) 

(see Figure |7^; 

(a) I{G; x) = I{L; x), where G = (G 2 , 4 ; va) 0 {H;w) and 
L = SATi n 7/2 n (A :4 0 ATa) 0 // ’ (see Figure |7^; 
if w is simplicial in FI, and H is claw-free, then I{G;x) is unimodal; 

(iii) I{G;x) = I{L;x), where G = {Hi;wi) Q {v,G 2 ,a',u) Q {H 2 ;w 2 ) and 
L = 3Ki n 7/2 n {{Hi;wi) 0 (u; Ala) 0 {Ka] u) 0 (^ 2 ; i/ 2 ) (see Figure 
if wi,W 2 are simplicial in Hi,H 2 , respectively, and Hi,H 2 are claw-free, 
then I(G\x) is unimodal. 

Proof, (i) Using Proposition ^(iii) and the fact that I{Wa;x) = 1 + 8x + 21a;^ + 
22a:^ + = (1 + x)'^{\ + 2a:)(l + 4a;), we get that 

I{G2A',x) = I{G2,A-b2V2',x) - x^ ■ I{G2 ,a-N {b2)^ N (v2)',x) 

= 1 + 12a; + 55a;2 + 125x3 + ISOx"* + Qlx^ + 22x®, 

which is clearly unimodal. On the other hand, it is easy to check that 

I{G2,a;x) = {l + xf{l + 2x){l + 7x+llx'^)=I{3KiUK2U{KAeK3);x). 
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(ii) According to Proposition |2.2| (iii), we infer that 

I{G]x) = I{G — vw]x) — ■ I{G — N{v)\J N{w)\x) 

= I{G 2 ,a] x) ■ I{H;x) — • (1 + x) • I{H — Nh [w] ; x) ■ /(IP 4 ; x) 

= I{G 2 ,i;x) ■ I{H;x) - 

—x^ ■ (1 + x)^ ■ (1 + 2x) ■ (1 + 4x) ■ I{H — Nh [w] ; x). 

Figure shows the graphs G and L. 



Figure 10: The graphs G and L in Proposition 4.4(ii). 


Let us denote Qi = 3A:inA:2nA:4, Q 2 = 3A:inA:2n(A:4©A:3), L = {Q 2 ;v)e{H;w) 
and e = vw. Then, Proposition |2.2| (iii) implies that 

I{L;x) = I{L — vw;x) — x'^ ■ I{L — N{v) U N{w);x) 

= I{Q 2 \x) ■ I{H]x) - x^ ■ /((5i;x) • I{H - Nh [w] ; a;) 

= I{G 2 A',x) ■ I{H;x)- 

—x^ ■ (1 + x)^ ■ (1 + 2x) • (1 + 4x) ■ I{H — Nh [rc]; x). 


Consequently, I{G]x) = I{L;x) holds. 

In addition, if w is simplicial in H, and H is claw-free, then L is claw-free and, by 
Theorem |1.3|, I{L;x) is unimodal. Hence, I{G;x) is unimodal, as well. 


(in) Let e = UW2 £ E{G). Then, according to Proposition 2.2 (iii), we get that 

I{G;x) = I{G — uw2',x) — x^ ■ I{G — N{u)\J N{w2)]x) 

= I{H2;x) ■ I{{G2A',v) Q {Hi;wi)]x)- 

-x^ • (1 -l-x)^ • (1 -I- 2 x) • I{H2 - Nh2 [W2] ':x) ■ I{[Pi]v) © {Hi]wi)-,x). 
Now, Lemma ^.SK i) implies that 

I{G;x) = I{H2 ]x) ■ /((G 2 , 4 ;w) © (i?i; wi);x)- 
-x^ ■ (1 + x)^ • (1 -f 2 x) • I{H2 - Nh2 [^2] ;a:) • /((ATi U K3]v) © (iJi; Wi); x). 

Figure shows the graphs G and L. 

Let e = UW2 £ E{L). Again by Proposition 2 . 2 (iii), we infer that 

I{L]x) = I{L — UW2] x) — x^ ■ I{L — N(u) \J N(W2)] x) 

= I{H2]x)-I{{minK2M{KiQK3)]v)Q{Hi-wi)-x) - 

-x^ ■ (1 -I- x)^ • (1 -I- 2 x) • I{H2 - Nh2 ^2] ',x) ■ I{{K3 -,v) © {Hi;wi)-,x). 
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Figure 11: The graphs G and L in Proposition 4.4(iii). 


Further, Proposition 4.4 (ii) helps us to deduce that 
IiH 2 -,xyii{G 2 ,r, v)eiHi;wiy, x) = IiH2;xyiii3KiUK2U{KiQK3); u)©(Fli; tci); x). 

Eventually, since 

I{{Ki U Ks^v) 0 iHi]Wi);x) = (1 + x) • /((Xa; w) 0 (i/i; wi);x), 
we obtain I{G;x) = I{L-,x). 

If wi,W 2 are simplicial in Hi,H 2 , respectively, and Hi , H 2 ar e claw-free, then L 
is claw-free and, therefore, I{L;x) is unimodal, by Theorem O. Hence, I{G;x) is 
unimodal, too. ■ 


U 2 U 3 Ui U 5 


'^n—l 


Ui 

Vl 

bi 

Oi 


• 4 

4 4 

V2 

4 4 

T 

U4 l'U5 

W- \ 

^2 

A 

P- \ 

bs 

w -1 

bA 

1- W . 

^m —1 

• 4 

4 4 

4 4 

I 


Vn-l 

I bm 

0,2 0,3 04 Om-l 

Figure 12: The graph Gm,n, m > 2,n> 3. 


Theorem 4.5 The independence polynomial of Gm,n = iWm',b 2 ) 0 {Wn]V 2 ) is 
unimodal, for any m > 2, n > 2. 


Proof. Case 1. Suppose that m = 2,3, n = 3,4. The polynomial I{G 2 , 3 ',x) is 
unimodal, because 


I{G2,3',x) = (1 + x)^ • (1 + 2x) • (1 + 6x + 7x^) 

= 1 + lOx + 36x^ + 60x^ + Alx'^ + 14x®. 


According to Proposition 4.4(i), the independence polynomial of G 2,4 is unimodal and 

/(G 2 . 4 ; a:) =/(3Ki n ^2 n (7^4 0^3);^)- 
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Further, I{G 3 ^ 3 ;x) is unimodal, since 

I{G3,3',x) = I{G3^3-V2b2;x)-x'^-I{G3^3-N{v2)UN{b2);x) 

= I{W3;x) ■ I{W3;x) - x"^ ■ {1 + x)^ 

= 1 + 12a; + 55a;^ + 126a;^ + 154a;'^ + 96x® + 24a:®. 


Finally, /(G 34 ;a) is unimodal, because 

/(G3,4;a) = /(G3,4-&i&2;^)-x"-/(G3,4-iV(6i)u7V(62);x) 

= (1 + 2a) • /(G 2 , 4 ; a) - a^ • (1 + xf ■ (1 + 2a) • /(P 4 ; x) 

= 1 + 14a + TSa^ + 227a® + 376a^ + 357a® + 181a® + 38a^. 


Case 2. Assume that m = 2,n > 5. According to Proposition 4.4 (ii), we infer 
that I{G 2 ,n]^ = I{Li]x), where Li = Q Q W „_4 and Q — 3Ki U K 2 U K 4 Q K 3 
(see Figure 1^). Applying Lemma ^(ii), /(Li;a) = I{{mKi II {Q Q mK 3 );x), if 



U 5 uq Ur 


M A I 


w V 5 ve vr 



Figure 13: The graph Li = 3Ki J1 K 2 U K 4 Q K 3 Q Wn- 4 - 


n — 4 = 2 m, and /(Li;a) = I{{mKi II (Q © mK 3 © 7 ^ 2 ); a), if n — 4 = 2m + 1. 
Since mKi II (Q 0 mKs 0 K 2 ) is claw-free, it follows that J(Li; a) is unimodal, and 
consequently, I{G 2 ,n]x) is unimodal, too. 

Case 3. Assume that m > 3,n > 5. According to Proposition 4.4(iii), we obtain 


64 bs 

.rm A 


1 U 5 


|U 6 


Um 04 03 V5 Ve Vn 

Figure 14: The graph L 2 = IF ^-2 0 (37s:i H 772 U 7^4 0 K 3 ) 0 IF„_ 4 . 
that I{Gm,n]x) = I{L 2 ',x), where 

L 2 = Wm-2 © Q © Wn-4 and Q = 377i n 772 n 774 © K 3 


(see Figure |I^. Finally, by Theorem 1.3, we infer that I{L 2 ', a) is unimodal, since by 
applying Lemma 2.5, ITm -2 and Wn-A can be substituted by pKx II {QpK 3 © K 2 ) or 
pKi It ( 0 ^ 773 ), depending on the parity of the numbers m — 2, n — 4. Consequently, 
the polynomial I{Gm,n]x) is unimodal, as well. ■ 
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5 Conclusions 


In this paper we keep investigating the unimodality of independence polynomials of 
some well-covered trees started in Any such a tree is an edge-join of a number 
of ” atoms”, called well-covered spiders. We proved that the independence polynomial 
of any well-covered spider is unimodal, straightforwardly indicating the location of 
the mode. We also showed that the independence polynomial of some edge-join of 
well-covered spiders is unimodal. In the later case, our approach was indirect, via 
claw-free graphs. 



Figure 15: I{Hi;x) = I{H 2 ]x) and /(i? 3 ; x) = I{Ha] x). 


Let us notice that I{Hi;x) = I{H2]x) = 1 -I- 5a; -I- 6 a:^ -I- 2 x^ , and also I{H^-,x) = 
I{H 4 ;x) = 1 -I- 6a; -|- 4a;^, where Hi, H 2 , H 3 , H 4 are depicted in Figure |5[ In other 
words, there exist a well-covered graph whose independence polynomial equals the 
independence polynomial of a non-well-covered tree (e.g., H 2 and Hi), and also a well- 
covered graph, different from a tree, namely H4, satisfying I(H^-, x) = I{H4-, x), where 
H 3 is not a well-covered graph. Moreover, we can show that for any a > 2 there are 
two connected graphs Gi,G2 such that a{Gi) = a{G2) = a and I{Gi-,x) = I{G2',x), 
but only one of them is well-covered. To see this, let us consider the following two 
graphs: 


Gi = L -k (iLi n iLa n 2 Ki), G2 = (Li U L2) + [Hi E iJa U K2), 

where L, Li, L2 are well-covered graphs, and 

L = [Li,vi) © {L2, V2), Hi = Li- N[vi],H 2 = L2- N[v2],a{L) = a[Li) - 1 - 0 (^ 2 )- 

It follows that a[Hi) = a[Li) — l,a{H2) = a[L2) — 1, and therefore, we obtain 
a(Gi) = Q!(G 2 ) = a{L). It is easy to check that Gi is well-covered, while G 2 is not 
well-covered. According to Proposition ^.2| (iii), we infer that 

I[L-,x) = I{L - viV2-,x) - x'^ ■ I{L - Nl{vi) LI Nl{v2);x) 

= I{Li;x) ■ I{L2 -,x) - x^ ■ I[Hi-,x) ■ I[H2-,x) 

which we can write as follows: 

I[L; x) + (1 -l-a;)^ -/(TJi; a;) ■I{H2',x) = I{Li;x) •/(L 2 ; x) + (1 -I-2a:) ■I{Hi;x) ■I[H2]x) 
or, equivalently, as 

I[L-x)+I{ 2 Ki,x)-I[Hi,x)-I[H 2 -,x)=I[Li,x)-I[L 2 -,x)+I[K 2 -,x)-I{Hi-x)-I{H 2 -,x). 
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In other words, we get: 


I{L + { 2 Ki UHiU H2 );x) = I{Li 0^2 + {K^ UHiU H2); x), 


i.e., I{Gi-,x) = I{G 2 -,x). 

However, in some of our findings we defined claw-free graphs that simultaneously 
are well-covered and have the same independence polynomials as the well-covered 
trees under investigation. These results give an evidence for the following conjecture. 

Conjecture 5.1 If T is a well-covered tree and I{T;x) = I{G;x), then G is well- 
covered. 
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